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ASYMPTOTIC EXPANSIONS OF TRACES
FOR CERTAIN CONVOLUTION OPERATORS
BY
RAYMOND ROCCAFORTE

ABSTRACT. A version of Szegd’s theorem in Euclidean space gives the first two terms
of the asymptotics as a« = oo of the determinant of convolution operators on
L,(af2), where £ is a bounded subset of R” with smooth boundary. In this paper the
more general problem of the asymptotics of traces of certain analytic functions of
the operators is considered and the next term in the expansion is obtained.

1. Introduction. In 1960 H. Widom [6] discovered the following analogue of
theorems of G. Szegd [2, §5.5] and M. Kac [3]. Consider the operator

(1.1) T.,:fﬁfmk(x —y)f(y) dy

on L,(af), where  is a compact subset of R* with C' boundary and «a is a real
parameter. With

o(§) = k(0) = [ k(2)e e,

vz=1
g¥(z2) 2n)"

Widom proved that under suitable conditions
logdet(1 + T,) = apa” + qa" ' + o(a"™'), a— oo,

_/Rng(i)e"g"dg and s(z) = (log(1 + 0)) " (2)

where
(1.2) a, = vol(2)s(0), a1=%f/|z-nx|s(z)s(_z)dsz.
IQYR"

Here n is the inward pointing unit normal at x € 0§ and dA4 is surface measure on
0. In [7] Widom found a generalization of this in the case k is matrix valued and
L,(af) consists of vector valued functions.

In this paper the following extension is considered. If F is a function analytic on
the spectrum of 7, then F(T,) is defined and will be trace class if F(0) = 0. It is
shown here that in the scalar case there is an expansion

tr F(T,) = apa" + a;@" ' + a,a" * + 0(a""?), a— oo,
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where a, and a, are given by (1.2) in the case F is the logarithm and the evaluation
of a, is new. In the matrix case an expression is obtained only when F is a power,
i.e,, F(A) = A" for some positive integer m. The coefficients a, and a; agree with
those given in [7] and again the evaluation of a, is new.

The assumptions and notation will be as follows. Let k € L,(R") and suppose
o = k is also in L,(R"). In addition, it is assumed that

(1.3) /R"|x|2|k(x)|dx < o0,

where, if k is matrix valued, |k(x)| denotes the Hilbert-Schmidt norm of k(x).

Q will be a compact subset of R” (n > 1) whose boundary is a C* hypersurface.
T*(9Q) will denote the cotangent bundle of 92 which is identified with the tangent
bundle 7(92) via the Riemannian metric on 92 (R” inner product restricted to
tangent spaces). This induces a natural measure ddA on T*(3Q), where dA is
surface measure on 92 and d€ is Lebesgue measure on the hyperplane T, (0). The
notation ¢ = (& 1) = (¢,,...,€"", n) will be used for vectors in T,(d2) X R, the
last coordinate n being with respect to the unit inward normal to 92 at x.
Superscripts i, j = 1,...,n — 1 on a function will denote differentiation in the
tangential direction (i.e., ' = 37/0£') and gradg(r) will mean (7',...,7""!). The
superscript n will denote differentiation in the normal direction.

Finally, L will denote the second fundamental form for 0€ with respect to the
inward unit normal and H will denote n — 1 times the mean curvature of 9. The
main result in the scalar case can now be stated.

THEOREM 1.1. Let F be analytic on a disc of radius greater than || k||, and suppose
F(0) = 0. Then under the above assumptions

tr F(T,) = aga" + a;a" ' + a,a" * + o(a""?), a— o,
where
1
Gy Fle(®) d.
_1 1 F(o(n)) — F(o(£)) 0"(£) —0"(n)
“T7 (27r)"/r*(asz)xnf o(n) —a($) $—m dg g da,

B F(o(n"))
T 87r2 (277) '[T‘(aﬂ)XR‘['[{aeA3 (o(n*) = o(§{))(a(n®) — o($3 ))}

d d.
x { Lgrado(6) radgo(5)) = H - 07(5)0"(5) ) £ or £t d .

Here A, is the alternating group on the 3 symbols v, §,, {,, and expressions llke a($))
mean a(glw v ’gn—l’ gl)'

The proof proceeds as follows. The kernel of 7, at a point (x, y) € af X aQ is
f’ t fk(x = x)k(xp = x3) - k(Xpey = X)) KXy — )

XXuQ('xl) Xasz(xm—l) dxy -+ dx,_,
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where the integration is taken over R” X --- X R" and where x¢ denotes the
characteristic function of the set S. Change variables: let X, = x — x, X, = x; —
XoyeeesXpo1 = Xp_3 — X,y_;. This gives

f"'/k(xl) k(xm—l)k(x -y- xl""‘xm—l)Xasz(x - xl)
ansz(x - X = Xy) XaSZ(x - X- "“xm—l) dxy -+ dx,_,.

Under the above hypotheses this expression is continuous for m > 2 (the case m = 1
is easily handled; see [3, pp. 506-507]) so to find tr 7" the trace of the kernel is
integrated over the diagonal of a§ X af2. The result is

(1.4)
() = [ frk(x) - k(X )k(-x= =X,

xvol(a@ N(a® + x;) N -~ N(a® + x; + -+ + x,,_;)) dx; -+ dx

m—1°*

In §2 an expression is obtained for the volume in the integrand and in §3 this is
used to derive a formula for tr(7,"). The latter and an identity of F. Spitzer (see [1])
are then used in §4 to prove Theorem 1.1.

If ||k|l; <1 then log(1l + A) satisfies the hypotheses of Theorem 1.1 and there
results an expansion for trlog(l + T,). It is not immediate that the a, term of this
expansion is the same as the a; term appearing in (1.2). In §5 this is shown to be the
case. An argument similar to but more complicated than the one in §5 also shows
that the expression for a, in Theorem 1.1 is equivalent, in the case F(A) = log(1 + A),
to one recently derived by Widom [8].

ACKNOWLEDGEMENT. It is the author’s pleasure to thank Harold Widom for
suggesting this problem and for his subsequent advice and encouragement.

2. The volume estimate. In obtaining an expression for the volume in the integrand
of (1.4) it is convenient to divide by a” and set e = a1

THEOREM 2.1. Let Q be a compact subset of R" (n > 1) whose boundary is a C*
hypersurface. Let v,,...,v, € R" and define @, = @ N (& + ev;) N -+~ N(R + ev,).
Then

2
vol(2\ £,) = fam:{lax r{O, ev; - n, + %L(v,-l, v, } dA(x)

&2

2
) asz( maxr{O, v,--nx}) HdA(x) +o(€e*), ¢-0,

i=1,...,
where n is the unit inward normal at x € 02, L and H are as in the introduction, and
w, is the component of w tangent to 3} at x.

PROOF. Since 0¥ is compact there exists an ¢, and an ¢y -tubular neighborhood N,
of 3% such that each x € N, can be written uniquely as x = X + sn, where X € 9
and |s| < g,. If € is small enough then 2 \ @, C N,.
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Let {C,, ¥, } be an atlas of coordinate neighborhoods covering 9 and pick a
finite subcover. Let D, = {x € N,: if x = X + sny, then X € C,}. Define ¢,: D, -
R""! X R as follows: if x = X + sn, € D, and ¢,(X) = # € R"", then ¢,: X + sn,
— # + sv, where » is the unit vector in R"~! X R normal to R""!. By the compact-
ness of Q there exist open sets N, C D, such that the N, are an open cover of N, and
the distance from N, to the complement of D, is, for all 7, greater than some ¢,. If ¢ is
chosen such that max |ev,| < ¢ then, for all 7, x € N, implies x — ev; € D,. Let
B,=N,nadcC.

Let {p,} be a partition of unity subordinate to the cover UB, of 0€2. Each p,
extends to a function p, on N, N @\ €, by defining p.(x + sn;) = p,(X). It now
suffices to prove

@1) '[anz\sz

T

2
p,dv =f p,()"c)max {0, ev; - ny + E—L(v,- » U; )} dA
. BT I 2 1 t

22 p,(x)(max{O v; x})szA + o(&?),

where dV denotes the volume element on R”.
In what follows the index 7 will be dropped. From the construction of ¢ it follows
that fory € D,y € @ N Dif and only if $(y) - » = s > 0. Hence for x € N,

x€QNN=NNQN(Q+ev)N ---N(L + ev,)

if and only if s > 0 and, for all i, ¢(x — €v;) - » > 0. By Taylor’s theoremx € N N Q,
if and only if s > 0 and, for all i,

2
22 6(x) v - ede(v) v+ Sd%(0,0) r +R(e) >0
where R(¢) = o(&?), the estimate being uniform over x since d%¢ is continuous.

LEMMA 2.2. Forallw € R"and allx = X + sn; €N
(i) do,(w) - ¥ = w - g,
(ii) d2¢x(w, w) v = -L(w,w,) +r(s),
where lim_,, r(s) = 0 uniformly in x and L is evaluated at X.

The proof will appear later in the section. From (2.2) and the first part of the
lemma, x € N N @\ €, if and only if

s > 0 and, for some i,
(23) s—ev,-‘n)_(+£3d2¢x(vi,v,)-v+R(e) <0.
By part (ii) of the lemma, x € N N @\ £, if and only if s > 0 and, for some i,
S —ev - ng— %L(v,l, v,) + Ry(e) <0,

where R, (&) = €?r(s)/2 + R(e) = o(e?) (since (2.3) implies s = 0 as ¢ — 0). It
follows that

(2.4) NNQ\Q, =NNQ\Ss,
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where S, = {x € N: s > 0 and, for all i, s — ev, - n, —€’L(v,, v, )/2 + R(e) > 0}.
Define I, = {x € N:s > O and, forall i, s — ev, - n; —e’L(v;,v,)/2 > 0}.

LEMMA 2.3. vol(S,al,) = o(e?), e = 0.

\YAR\

Again the proof is deferred to later in the section. From (2.4) and Lemma 2.3 it
follows that N N £\ &, can be replaced by N N @\ I, in (2.1).
By the change of variables formula,

(2.5)
pdv = pod Vdo ! |dut - du"ld
/QHN\IoP /d:(ﬂnN\lo)(p ¢7)lde " Jdu u- -as
=L(Qnmlo)(ﬁo¢~1){ld¢—lﬁ + d(,d¢'l(->|)n(”) + o(s)} dd - du"Vds,

where by the definitions of ¢ and I
2
(2.6) ¢(NN\I,)= {u €¢p(N):0<gs < max(O, €v; - ny + %L(vi', vi,))}.

Integrating the o(s) term within the indicated limits yields something which is
o(€?). Since p is constant with respect to s, integrating the first term of (2.5) with
respect to s yields

2
_/‘P(B)(P°¢‘1)m;clx{0, &V, - ny + %L(U’.” Ui,)}|d¢_lﬁ|dul . dun_l

which equals the first term on the right side of (2.1).
Integrating the remaining term in (2.5) with respect to s yields

2 . R ) )
7[1)(3)(100(# 1)(max(0, v, - n3)) d(|d¢ 1(.)|)n(,,) At - dun + o(e?).
By a classical result from surface theory [5, p. 159] this last integral equals

2
—%f p(max(0, v, - n ) HdA.
B

Comparison with (2.1) shows the theorem is proved.

COROLLARY 2.4. Except for a set of (vy,...,0,) of measure zeroinR" X --- X R"

.....

+ % [ L(og0,) (0, n P HAA(x) +o(e), €0,
~17s,

where S, = {x € 0Q: v, - n, = max,;(0, v; - n,)}.

PrROOF. For fixed x € 0§ and fixed v € R”, the set of w € R" such thatv - n, = w
- n, is a hyperplane and so has measure zero in R". Thus the set of (v, v,) € R* X R”
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such that v, - n, = v, - n, has measure zero and it follows that the set of (v,,...,0,)
€ R" X --- X R” such that max;(0, v; - n,) occurs at more than one of the v; has
measure zeroin R” X --- X R".

Thus the set E = {(x, v,...,0,) € 0@ X R" X --- X R" max(0, v, - n,) occurs at
more than one of the v;} has measure zero in 92 X R” X --- X R". By Fubini’s
theorem, for almost every (vy,...,0,) € R" X --- X R"theset E, = {x € 0
(x, vy,...,0,) € E} has measure zero in dQ. Thus for almost every (vy,...,0,) the
sets S, = {x € 0Q: v, - n, > max,.,(0,v;- n,)}, ¢=1,...,r, and §, = {x € I
max;(0, v, - n,) = 0} form a disjoint cover of 0§ except for a set of measure zero.
Note thaton S, ¢ = 1,...,r, the error obtained by replacing the integrand

2
€
max |0, ev, - n, + 7L(v,,,v,. )
i r

in Theorem 2.1 by ev, - n, + e’L(v o Ug)/2 18 O(€?) and likewise for replacing the
integrand with 0 on ;.

For 6 >0, define S, = {x €92 v,-n, > max,,,(0,v,-n,)+8} for g=
1,...,r and Sy5 = {x € 02: max,(v, - n,) < -0}. Then S €S, for g=0,1,...,r
and on each S5 there is an ¢,; such that for & < e,; no error results from the
replacements indicated above.

Hence for ¢ < €5 the total error on Spq = 0,1,...,r,is less than

D, - meas (S,\ S,5) ¢

for some constant D,. Since meas (S,\ S,5) can be made arbitrarily small by
choosing & small enough, the error is o(&?).

The remainder of the section consists of the proofs of Lemmas 2.2 and 2.3
followed by another lemma which will be useful later.

PROOF OF LEMMA 2.2. To prove part (i) note that since

do.(w) -v=do,(w) -v+do,((w-n)n;)-»
it suffices to prove
2.7 do (n;)=v and do.(w,)-v=0.

For each fixed s, the map ¢™': (%, sy) = X(#) + son(%) describes the hyper-
surface B + syn. The vectors 9(X + son;)/0u’|, form a basis for the tangent space
to B + syn; at x(uy) + sony(4y). Thus d¢‘1w0,so) sends vectors (#,0) to vectors
tangent to B + syn; at X(4,) + son;(4,) and sends » = (0,...,0,1) to n,. Hence it
suffices to show that for any x = X + sn, T,(B + sn;) = T.(0€). But

0 ,_ _ 0 1 4 _
n, g(x +sn;) =sn, Srwridie —sﬁ(n,-‘ -ny) =0,
so the tangent space T, (B + sn;) is normal to n; and hence the same as T,.(0€).
Now the proof of part (ii). Since d2¢ is uniformly continuous on N,

d (w,w)-v=d% . w,w)-v+r(s)
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where lim_,, 7(s) = 0 uniformly in x. Also, since
. d¢x+xnx(w) - d¢x(w)
m .

4%, (w.n5) v = | lim ) y
= lim PR W by Lemma 2.2)
=0,
(2.3) d’o (w,w) v =d*.(w,w,) - ».
Hence it suffices to show
(2.9) d’.(w,w)-v=-L(w,w,).

Fix X € B. It suffices to assume X = 0 € R” and that ¢ projects B orthogonally
onto a neighborhood of the origin in T;(9Q) (every X € 0§ has a neighborhood B;
which is diffeomorphic to a neighborhood of the origin in 7,(0€) via orthogonal
projection; pick a finite subcover and proceed as before).

For all h € T,(9Q) with & sufficiently small, 4 is in the image of ¥ and one can
define k;, = x(h). By Taylor’s theorem

n—1 2=
ky = %(h) = %(0) +(dx)o(h) +% > X o)nns + o|A]?).
ij=1 du/ou’
Since X(0) = 0 and (dx),(h) € T,(99Q) it follows that
(2.10) ky - no=3L(h, h) + o(|n])"

On the other hand, Taylor’s theorem and (2.7) give
2
¢ (ky) —doo((kn),) —(ky-no) - v =3d%(ky, ky) + 0(|kh| )

Since k, = X(h) € 9Q and ¢|,o = ¢ the first two terms on the left side are
orthogonal to ». Thus

2
k- 1o = 3d% (k) (kn),) -7 + o([ky|”)
= 1d%y(h, k) - v + o([n[")

(since (k,), = h, any o(|k,|*) term is o(|h|*)). Comparing this with (2.10) yields
(2.9) and hence the result.

PrOOF OF LEMMA 2.3. For any real number & define I; = {x € N: s > 0 and, for
alli,s — ev, - ny —e’L(v,,v,)/2 > 8¢° }. Itis easy to show that for each § > 0 there
exists an 5 such that

(2.11) € <e, implies Iy C S5C 1.
Next,
(2.12) e <¢; implies (S.aly) C I 5\ I;.

For, x € S,al, if and only if x € S, but x & I, or x € S, but x € I,. In the first
case, x € S, implies x € I_s by (2.11) and x & I, implies x & I;. In the second case,
x & S, implies x & I; by (2.11) and x € [, implies x € I_;.
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From (2.12) it follows that for ¢ < e,

du' - du"lds.

vol(S,aly) < vol(I_4\ I5) = f«p(/ N )|d¢'1(u‘s)
-8\'8

But

2
o(I_s\1I;) = {u € ¢(N):5s > 0and -8¢* + max(ev, “ng+ %L(Ui,, v, )

1

2
<s < fe + max(svi “ng+ f%L(v,-l, Ui,))}'
Thus the above integral is

< 28€% sup |d¢" au - du"!

o(N) "’u»(asml-s\ls)
< 28e*M,
where M = sup,, N)|d¢‘l( yIVolg=-1(¢(B)) (by the compactness of { one can guaran-

tee this is finite). Thus it is established that for any § > 0 there is an ¢ such that for
all e < g5, vol(S,a1;)/e* < 26M.

LEMMA 2.5. Let {v,,...,0,} be any finite set in R" and define @, = Q@ N (2 + v;) N
<+« N(Q + v,). There exists a constant C, independent of the v; and of r, such that

vol(2\ ©,) —j;ﬂm?x(o, v, - ny) dA| < Cmiax(lv,|2).

ProoF. For any positive number p it can be assumed that max;(|v,]) < p. For,

< vol(2) + max (|v,|)vol(32)

vol(2\ 2,) —fagm?x(o, v, - ny)dA

and if max(|v,|) > p then the right side is less than C; max(|v,[)* where

_ vol(R) + pvol(32) '

pZ

Take max(|v;|) small enough so that €\ £, C N, and so that x — v; € domain ¢,
whenever x C N,. Again using a partition of unity argument, it is enough to show

G

< C,max(lv,.lz).
1

[ pdv— [ p(3)max(0,0v,- n,) da
N,N\R, B, i
As before, the index 7 will be dropped.

x € Q,N N if and only if s > 0 and, for all i, $(x — v;)-» > 0. By Taylor’s
theorem x € @, N N if and only if s > 0 and, for all i, ¢(x)-» — do,(v;)-» +
R(v;) > 0 where |R(v;)| < M|v,|?, the bound being uniform over x since d’¢ is
bounded on N. By Lemma 2.2, x € &, N N if and only if s > 0 and, for all i,
s —v;-nz +R(v;) = 0.
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Define Jy, = {x € N: s > 0 and, for all i, s — v, - ny > M(max|y;|*)}. By an
argument identical to that of Lemma 2.3 there is an M, such that vol((2, N N)aJ,)
< M; max(|v;]*) so N N \ €, may be replaced by N N @\ Jj,.

By the mean value theorem (writingu = u + )

./ p,av =f (f) °¢'1)|d¢’1u|du1 R
NN\Jy (LN M)
=L(QDN\JO)(50¢'1){|d¢—1ﬁ|+ d(|d¢_l(')|)u+s'u(”)} dut - dunVds,

where 0 < 5" < sand ¢( N N\ Jy) = {u € ¢(N): 0 < s < max,;(0, v, - n;)}. Per-
forming the first integral on the right with respect to s (keep in mind that p is
independent of s) and subtracting yields

,st—[ p(x)max (0, v,»n)_()dAl
B i

'/;v NANJy

'/‘;(QnN\JO)S(ﬁ°¢“1)(d|d¢'l(~)|)u+s,v(v)dul e du Vs,

If C, = sup {|d|d¢™" || - |p° ¢!} the last expression is

C sdut -+ du"'ds

N

)
$(2NN\Jp)
1

= %CI/(B)(max(O, v; - n)_())2 au' - dum!
¢

< max(|vi|2) -%CI/MB)dul e duL

3. tr(7,) in the matrix case. In this section k£ will be matrix valued. The notation
f * g will denote the convolution of f and g:

fr8(x) = [ 1(x=)5(0) .

Note that (1.3) together with the assumption ¢ € L, implies

(A) [|x||k(x)|dx < oo which in turn implies [|x||k(x)|*dx < oo, so the hy-
potheses of [7] are satisfied;

(B) [1x|*[k(x)|* dx < oo.

The following two lemmas will be needed.

LEMMA 3.1. With |k|” denoting the r-fold convolution of |k| with itself,

O J ) < (m = 07 o Sl

(ii) the same estimate holds with |x| replaced by |x|? on both sides.
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The proof is deferred to the end of the section. An easy consequence of Lemma
31is

LeEMMA 3.2. (i)

[ [l el (el -k Gepoo) [k (=x = xy= -+ =, )|dxy === iy dx

m-2
2
<(m- 1)f|x| |k (x)| dx{f|k(x)|dx} .
(ii) The same estimate holds with | x| replaced by |x|* on both sides.

The statement of the main theorem of this section requires the following notation.
The Hilbert transform (with respect to n) of an L,(7,.(992) X R) function
a(g,....&"7 " n)is

&(n) = [isgn(r)o(r)]”,

the inverse Fourier transform being taken with respect to the last variable. It is
convenient also to write

P 1'“’ n—l’
aﬁ)=%nv£x°“’§_i 0 g

(the expression

1 o(¢,...,6""1¢)
- d
Thean>e  §$—1 {

converges to 6(7) in the L, norm as ¢ tends to zero). At each x € 99 define
(3.1) o,=1(o+id)
and then, inductively,

M (o)=0,, TI(0)=o0,

(o) = (o177 *(0)),,  M2(0) = (I2"}(0) - 0)_.

THEOREM 3.3. Under the assumptions outlined in the introduction

t(T)") = aga” + @@" ™' + a,a" "2 + o(a"7?), a— 0o,

where
_ 1 m
a9 = Gy YOI [1ro(8) d,
. o om-—1
= -1 e n -4 dt dA

“ T @ny qgl fr'(asz)xntr $(0) ()Mo () dé

and
_ __1—— m—1 .

= 20 Z, ooy OB, gad 7 (o) )

-9 (0)"(§)II7"%(0)" (¢) - H } d dA.
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Here L(gradg 7, gradg 1) simply means L, j'Ti‘Tj (summation convention). Also, H has
the same meaning as in Theorem 1.1.
Proor. By adding and subtracting
trk(x;) -+ k(xp )k(=x;= - =x,,_)vol(aQ)

to the integrand of (1.4) and using the fact that
f" ) fk(xl) e k(g )k (=xy= e ) dxy e dx,

e AOL

=kx -+ xk(0) =

(1.4) can be rewritten as
() = (%)nvol(ﬂ)/tro'”(g) dt
(3.2) _f' o ftrk(xl) k(o ) (== —x )

X {vol(af) — vol(a® N aQ + x; N -~
NaQ + x; + -+ +x, 1)} dx, -+ dx

m—1°
By Lemma 2.5

a"*2|(vol(a®) ~ vol(a@ 1 a +x, (1 -+ Nl + x, + o+ + x,,_))

—(X"‘lf maX(O, Xy nx,..~,(x1 + -t xm—l) 'nx) dA
90
) 2m—l 5
< Cmax(lx1 + ot xy ) <C(m-1) Y |x[.
! i=1

Moreover, by Lemma 3.2,

(3.3)

Clm=12[ -

dx, - dx

O N DL

2 2 m-2
< COm = 1)* [ xf ke ()| a7

Thus by the dominated convergence theorem

lim a"'”/---/k(xl)--- k(%1 )k(=x;— - =x,_;)

X {(vol(aﬂ) -vol(a Na® + x; N -+
Na +x; + -+ x,_))

—a"_lfmmax(O, Xp Mgy, (X 4+ 00 + xm_l)-nx)dA} dx; -+ dx,_,
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can be found by passing the limit under the integral. The result, by Corollary 2.4, is
1
e Jirk ) k(o D (e xny)

m—1
X Y f_L(xll+ et X, Xyt x,)
q=1"5%

~((xy+ - +x,)-n,) Hdddx, - dx,_,,

where S'q ={x€0(x; + -+ +x,)-n,>max;, (0,(x; + -+ x;)-n,)}
Thus the expression in brackets in (3.2) can be replaced by

a"_lj;ﬂmax(o, Xy Mgyeens(Xy+ oo+ x,_1) - n,)dA

a
+ ﬁL(x1,+~--+qu,x1,+--~+qu)
S

—((x, + -+~ +xq)'nx)2HdA

with error o(a"~?) and it follows that
B) ay=-f - furk(xn) k(e )k(xm-=x, )

X/ max(0, x; - ny,...s (X + oo+ x,,_) - n,) dAdx, -+ dx,,_,,
o

a; = _% “'ftrk(xl)“' k(X 1)k (3= =Xy 1)

m—1
X Y ﬁL(xll+ et XX bt x,)
q=1"5%

—((xy + -+ x,) ~nx)2HdAdxl s dx,,_ .

Next, S'q ={x€dQfors=1,...,¢q,29_x,-n,>0andfort=1,....m—1—g,
Lilse1%, - n, <0}. Change variables: For s =1,...,q let z, =X7_x, and for
t=1,....m—1—gqlet

qt+t
Zg+t = Z Xy
r=q+1
This gives
m—1
a, = _q§1 fanAf /zl notrk(zy —zy) - k(z,my — 2,)

Xk(zq)k(zq+1)k(zq+2 - Zq+l) T k(zm—l - zm—Z)k(—Zl - zm—l)
><X+(Zl : nx) T X+(zq ' nx)x-(zq+l : nx) e X—(Zm—l ' nx)dzl T dzm—l’
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where

1, z-n, >0,
X+(Z'nx)= 0 Z-n <0

and x (z - n,) is defined in the obvious way. For a, the same expression is obtained
except that z, - n is replaced by 3{L, jz{,zl H(z, - n,)?}, where the L;; are the
coefficients of the second fundamental form L and z; is the ith component of the
projection of z; onto T,9Q. The interchange in the order of integration in the a, term
is justified by Fubini’s theorem since the application of the dominated convergence
theorem implied the integrand of the expression for a, in (3.4) is L,. In the case of
a,, the justification follows easily from Lemma 3.2.

Define
(3.5) k,(z)=k(z)x,(z-ny).
Note that if o , is defined by (3.1) then
1 i§ z
(3.6) k,(z)= (277)"fe$ o, (£) dt.

Next, define inductively

(3.7 Ki(z) =k (z), KNz)=k_(2),
K'(z)=(k*K?1),(2), K"(z)=(K"'*k)_(z2).
Then

m=1
(38) a=-Y / jz-nxter(z)K_m—q(-z)dsz,
g=1"3%

1 m=1 o )
== L. ziz/— H(z-n ) wKi(z)K" 9(-z) dzdA.
3 L fof etz = HGz n) e Ka() K20 (-2) de
Now z/K9(z) and z/K™ 4~z) are in L,(R") by Lemma 3.1. Moreover, using (3.6)
(z/K4(2))" —la_ﬁf(Kq) —tgﬂ"(a)

Similar formulas hold for the z - n, terms. Altogether,

__,z f ftr 4(0)")" (z)(I"%(0))" (~z) dz dA,

2=—§ fﬂfuL ) (2)(Tm9(a)’) " (-2)

—(119(0)")" (z)(T1"%(0)") " (~2) - Hdz dA.

The result is now immediate from the general formula

fkl(z)kz("z) dz = ﬁ/iﬁ(&)%z(&) dé.
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PrOOF OF LEMMA 3.1. The proof of (i) is given, the proof of (ii) being essentially
the same.

Sil( ™ 0))
=/{f...f|x-—x1+x1 —x2+x2—"'—xm—2|1/2
= = )l ey - o)
<f{f f(|" —xg) Hx —x +|xm_z|l/2)
[l Cx = xp)| (o = x) ] [k (xpg )y - dxm—z]z dx.

The terms in the integrand are all scalar valued and so commute. Thus the
expression in brackets is the sum of m — 1 terms, each of which is the convolution of
|x|*/?|k(x)| and m — 2 copies |k(x)|. That is, the above expression equals

/{(m - l)f. . flx - x1|1/2|k(x = x| k(x; = x,)]|- -

Ik(‘xm—Z)ldxl T 'dxm—2}2 dx

=(m- 1)2f"’ f{f'x - x1|1/2|k(x = x))||x - 21|1/2|k(x - Zl)ldx}

Xk (xy = x5)| -+ [k(x,-2)] [k (21 = 25)]
ok (zpoy)|dxy - dx_ydzy - dz

m-—2-
Since

1/2 12
flx = x|k (x = )| x = 2|k (x = 2y)|dx

172

< {f|x — x| [k (x — xl)lzdx}l/z{ﬂx — 7| |k(x - 21)|2 dx}

the last expression is less than or equal to
) ) 2(m=-2)
(m = 1|l k() dx{f|k(x)|dx} .

4. Proof of the main result. Throughout this section k will be scalar valued. The
following version of the identity of Spitzer will be used. Using the notation

k' = kx --- xk, where, as before, * denotes convolution on R”, define
oc k(n)
E(k) -1= E n!

n=1
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and

0 f(m

-LA-f)= X

n=1

for ||k|l, < 1.
n

Then with K(z) defined as in (3.7), the identity is
o0
Y Ki(z)=E(-[L(-k)],) -1,
n=1

the plus on the right side being taken in the sense of (3.5).

LemMa 4.1. If |A| > ||k||, and L is defined as above then L(1 — k/A\) € L,(R") N
L,(R").

ProoF. If || || denotes either the L, or L, norm then

X km 2N k™ ®
A< X < X — Ik
'y PV et n| "
k
P ': I

Lemma 4.2. (i) |0, < llzk(2)||, for any B = 1,.
(ii) lilog(1 — /APl < (inf A — o))" 1IIﬁ’gllz

PROOF. (i) For instance, ||o’||, = ||zik(2)||, < [|zk(2)]|,-

(ii) (log(1 — 0/A))? = -6# /(A — o).

Since spec radius (7,) < ||IT,|| < ||k|l;, F is analytic on spec(T,) for all a. Let
y(t) € C be a circle of radius greater than ||k||, centered at the origin and contained
in the domain of analyticity of F. Then

4 & T
(A - 7:") - mz=0 Am+l
Hence
— b _ 7yt
(4.1) trF(T,) = tr 5~ fyp(x)(x T,)" dA

oo Tm
fF()\){ 4 2 }‘mﬂ}d}\
Since F(0) = 0, the first integral is zero. Also,

(42) tr—fF(}\)—"d)\ (—ﬂ) vol(8) 5~ ffF(A)o(g)dgd}\
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since

t(7,) = (35 ) vol(2) fo(¢) d.
Consider now the sum in (4.1). From §3
lim a'"*z{tr(T'") (—W—) vol(ﬂ)f m(¢) d¢

+a"_1mg1 ffz~nxK$(z)Kf”"’(—z)dsz}
-1 milff{Lijzfz{ —(z- nx)zH}Ki(z)K_”‘_"(—z) dzdA.

First using (3.2) and comparing the expression for a; in (3.4) and (3.8) and then

using (3.3) gives, forall a > 1,

m—1

a "2 tr(Ta'")—(zi) vol(Q)/ m(E)dE+ am! Z ffz n Ki(z)K™" 9(-z) dz dA
= a2 oo fk(x) k(o )k (X x )
x{—(vol(aﬂ) —vol(aNaQ+x, N - NaQ+x, + -+ x,,_1))
+a"‘1f max(0, x, - n,...,(x, + - +xm_1)-n_‘)dA} dx, -+ dx,,_,
o9
< C [ I dx(m = 1)l
Since

m—2
fIF(A)IZ o (m = DT d < o0

if ||k|l,/IA| <1 it follows from the above limit and the dominated convergence

theorem that

lim a‘"”[z—:ﬁfF()\)

Jlim ¥ {07 = () vol(@) fom(e) dg

+a"_lmz_1 ffz n KI(z)Km9(-z) dsz}dAJ

(4.3) .
= -3 5w JFY) z le/{L zizf =(z-n, )’ H)

z—‘, 9(z)K™ 9(-z) dzdA dA.
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From (4.1), (4.2) and (4.3)

trF(7;)=(%) ol(Q)—ffF()\) 2 ? (g)dgd)\

—a s [ [ [F(V)z EN,,HZK"()

2mi

X K™~9(~z) dz dA d\

(4.4) -2 g
- [ [ [FO)Lyzizt = (z - n ) H)
i; g #(2)K29(-2) dzdAd\
+0(¢x" 2)’ a = 0,

where Lemma 3.2 is used to justify interchanging the infinite sums and integrals.
The first term on the right side is

(4.5) (%)nvol(ﬂ) [F(o(8)) dé.

The change in the order of integration is justified as follows:

m

1 & 0™ 1 1 g\l 1 o
1>\m+1“XmZ=OA_m'X'X(1_X) A AA-o)

Ms

and the L, norm of this is bounded by

-1,. _
A (infx — of) o]

To handle the other terms note that

mi K9(z)K"9(-z)
i:: Kifs) § k(o)

PRe

(4.6) _

— Am+

-1

ot~ o -

by Spitzer’s identity. By Lemma 4.1 the expression (—L(1 — k/A))"; makes sense
and

47) (E(-[LO - k/A)].) - 1) = exp(-log(1 = k/A)), = 1 =1~ 1,

where the notation 7 * has been introduced for exp(log(1 — o/A)™!) ,.
Using (4.4), (4.6), and (4.7) and then integrating by parts twice with respect to 7
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yields
ay= o [ B (1= 1) ()= 1) (c2) de da
- (271,)" [ [EN iy @)= 1)(6) dt aaan
(48 = (2 [P €)) (6 s aa an
49) =gy TR @) (€ dsadan.

Forany 8 =1,...,n

(4.10) (%) = r*(log(1 - o/A))".

By Lemma 4.2 the expression (—lqg(l — 0/A))A makes sense and one has almost
everywhere (using the definition of )

(4.11) (log(1 = o/A)")} = (o8 /(A = 0)).,.
Also,
(4.12) =AM —o)".

Thus, (4.8) can be rewritten as

1 1 . -
al=W2—m.ff/F()\)z()\—o) 1(}\

and (4.9) can be written as

a =- (zi)n o [ [ [Fi(x - o)—l(A

Since in general o_— o, = —id these two expressions can be added to give

(413) q =%ﬁ%///m\)(x— o)_l()\

%(zﬂ) 2mfff JEO)A = o(n) " 5= (;()g){a d¢ dA d\

J1 1 g o) = Fo()) 0"(5) = o(n)
e L RO e = L

The interchange in the order of integration is justified as follows.

/ ( ;\a_no )~d£ | (—log(l - %))md& - (—1og(1 - %))mdg - 0.

g )dgdAd)\
— 0 /-

o ) dt dd d\.
1.

o’ )dgdAd;\
-0
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Thus

(4.14) f()\—o) (

Ja-flo-or- 3
—/)\)\—a( )dg

and using Lemma 4.2 and the fact that the Hilbert transform is norm preserving
/ f / F(A) o 0” )~
A A- o
[FQ)I " ”
<
fyje;sz A lA-o

<IN (inf]A = of) [z |12k (2)]}, vol(22) fy [F(A)|dA

< 00.

d§dA d\

on

ZA_O'z

dA d\

Thus d\ may be interchanged with d¢ d4. To interchange dA with d{ note that for
fixed n the change of variable { = { — 7 gives

. on(®) 1 _oE+m) 1,
am g-n=eA —0($) § - Tk g>eA —o(§+m) § “

e[ _o"(n+¢) o"(n—§) }1
= lim - —dS.
0, {?\-a(n+§) A—a(n—-%) {
The integrand in the last expression is continuous for §{ # 0 and
1 o"(n+) o"(n—¢) }
lim - - =0
§~o+§{7\-a(n+§) A—o(n-%)

since o is twice differentiable. Hence the integration with respect to { is actually

proper at { = 0 and the integrand is L, if the domain of integration is restricted to
0 < ¢ < 1. On the other hand, for1 < { < o

JL

<Jle" Ilz

FON(A - o(n))"% Lagan

(mf|)\ ~ ) f |[F(A)|dA < oo.

Now for a,. From (4.4), (4.6) and (4.7)
F(A
ar= 25 [ [ (BN L) (2 )H]

X(r* = 1)V (2) (7= 1) (-z) dzdA dA
1 EA) () (o
=37 (z,,) o [ [ [ L) @) (©)
—H(7*)"(£)(17)"(¢)) dé dAd\.
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From (4.10), (4.11) and (4.12) this equals
F(A
a2=_5m2wszf)\—(o()£){ ( ) (5)(

VESRE

Writing out the Hilbert transforms explicitly and then performing a straightfor-
ward residue calculation yields

(415) a= -3 (—271,—) JJF(a(){ Lo (§)0/(&) = H(o"(£))’) dt da

o) ®

)_(g)} dt dA d\.

_1 1 F(o(n))
87?2 (27r)"ffff{ (o(n) = a(5))(a(n) —(52))

+ F("(fl))
(°(§1) - 0("1))(0“1) - o(fz))
+ F(a($,)) }
(o(fz) - 0(’7))(0({2) - 0(51))
(L0 (6)0/(8) = Ho"(5)0"(5)) £ 2 £ de .

It will be shown that the first term in the above expression is zero. The theorem then
follows from (4.4), (4.5), (4.14) and (4.15). It is enough to show the term is zero in
the case F is a power, F(A) = X", since in the general case F” is analytic on the
range of o. For Fi ()\) = A" the expression in question is

16 (2 ) f fm(m— D(o(£)™ Z{Lijoioj_H(O")z} dt dA

- _E (27r)" /asz/m{l‘ij(“m‘l)ioj - H(om_l)"on} dédd

~gg [ J{Losizt =z m P H YD (2)k(-2) deda.

It is easy to justify interchanging the order of integration and the result then
follows from an identity discovered by Widom and J. Dadok:

(4.16) / L(z,,z,)—(z-n,)*HdA = 0.
30
The following proof is the result of communications with R. Osserman, L. Simon,

and B. Lawson. It is known that if X is a vector field along M, a closed smooth
hypersurface in R”, then

n—1
(4.17) /, L (v, X, n) dd(x) = [ (XonOHaA(x),
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where the 7, are an orthonormal basis for the tangent space to M at x, Vv, denotes
covariant differentiation in the direction of v, and the brackets denote the ordinary
R” inner product. To prove this note

LAV X, 1) = DAV X ndn, ) + (9, X, ).

The integral over M of the second term is zero by the divergence theorem (see [4, pp.
188 and 193]) and the first term equals
(X, n ) LAV, 1) = (X, n)H.

To prove (4.16) take X = (z, n )z in (4.17). The right side immediately gives
(with M = 9Q)

f (z,n, YHdA.

30

The left side gives
| Xz 9z, da.
0Q

Since v, n, = W, (7,), where W, is the Weingarten map and the latter is selfadjoint,
the integrand of this expression equals

LW, (2) 1)z 1) = (W, (2)), 2,) = L(z,, 2,).

i

5. The logarithm. Let F(A) = log(1 + A) and let y be the circle of radius r about
the origin with ||k||; < r < 1. The following method of deriving the expression for a;
in (1.2) from the expression in the main result was shown to the author by Widom.
Justification of the various steps is accomplished as in §4.

From (4.14) and the first line of (4.13)

1 1 1 my
a1=5mmffmflog(1+A)A(A"_o)()\"_o)d§d,4d>\

‘3%” J108(1 + M)z - n,Jsi(2)sy(~2) dz dd A,

where s,(z) = (log(1 — 0/A))¥(z) and the prime denotes differentiation with re-
spect to A. Since |z - n,|is invariant under changing z to -z it follows that

a, = 427”/[ Jlog(1 + M)z - n |d)\(s,\( 2)sy(~z)) dz dA dA

- 42771[/2;9,/)\.}.1'2 n |sy(z)s\(-z) dzdA d\.

Let ¥ be a circle centered at —1 with radius less than 1 — r. Then

=y 2771/,/;,9/}\4- 1|z n Isy\(z)sy\(-z) dzdA d\

and performing the integration with respect to A gives the result.




602 RAYMOND ROCCAFORTE

REFERENCES

H. Dym and H. P. McKean, Fourier series and integrals, Academic Press, New York, 1972.
U. Grenander and G. Szegd, Toeplitz forms and their applications, Univ. of California Press, 1968.
M. Kac, Toeplitz matrices, translation kernels, and a related problem in probability theory, Duke Math
1 (1954), 501-509.
4. M. Spivak, 4 comprehensive introduction to differential geometry, vol. 4, Publish or Perish, Berkeley,
Calif., 1979.
5. J. Thorpe, Elementary topics in differential geometry, Springer-Verlag, New York, 1979.
6. H. Widom, A theorem on translation kernels in n dimensions, Trans. Amer. Math. Soc. 94 (1960),
170-180.
7.

1.
2.
3.
1.2

, Szegd’s limit theorem: the higher dimensional matrix case, J. Funct. Anal. 39 (1980),
182-198.

8. , Asymptotic expansions of determinants for families of trace class operators: Corrigendum and
Addendum, Indlana Univ. Math. J. 33 (1984), 277-288.

DEPARTMENT OF MATHEMATICS, SAN JOSE STATE UNIVERSITY, SAN JOSE, CALIFORNIA 95192



