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ASYMPTOTIC EXPANSIONS OF TRACES

FOR CERTAIN CONVOLUTION OPERATORS

BY

RAYMOND ROCCAFORTE

Abstract. A version of Szegö's theorem in Euclidean space gives the first two terms

of the asymptotics as a -» oo of the determinant of convolution operators on

L2(aQ), where fi is a bounded subset of R" with smooth boundary. In this paper the

more general problem of the asymptotics of traces of certain analytic functions of

the operators is considered and the next term in the expansion is obtained.

1. Introduction. In 1960 H. Widom [6] discovered the following analogue of

theorems of G. Szegö [2, §5.5] and M. Kac [3]. Consider the operator

(1.1) Ta:f^f k(x-y)f(y)dy

on L2(aS2), where S2 is a compact subset of R" with C1 boundary and a is a real

parameter. With

o(t) = Hi)= Í k{z)e-*-*dz,
jR„

g^z) = -L-[ gityt-'dl   and   ,(z) = (log(l + a))v(z)
(2ir)   JR"

Widom proved that under suitable conditions

logdet(l + 7j = a0a" + axa"~l + o(a"-1),       a -» oo,

where

(1.2) a0 = vol(8)j(0),   a1=-i(   f \z ■ nx\s(z)s(-z) dzdA.
4 JdüJR"

Here nx is the inward pointing unit normal at x cz 3Í2 and dA is surface measure on

3ñ. In [7] Widom found a generalization of this in the case k is matrix valued and

L2(aSi) consists of vector valued functions.

In this paper the following extension is considered. If F is a function analytic on

the spectrum of Ta, then F(7a) is defined and will be trace class if F(0) = 0. It is

shown here that in the scalar case there is an expansion

trF(TJ = a0a" + axa"-x + a2a"-2 + o(an'2),       a -» oo,
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where a0 and a, are given by (1.2) in the case F is the logarithm and the evaluation

of a 2 1S new- in tne matrix case an expression is obtained only when F is a power,

i.e., F(X) = Xm for some positive integer m. The coefficients a0 and a, agree with

those given in [7] and again the evaluation of a 2 is new.

The assumptions and notation will be as follows. Let k cz L,(R") and suppose

a = k is also in L^R"). In addition, it is assumed that

(1.3) /  \x\ \k(x)\dx < oo,
jR„

where, if k is matrix valued, \k(x)\ denotes the Hilbert-Schmidt norm of k(x).

fi will be a compact subset of R" (n > I) whose boundary is a C3 hypersurface.

7*(3fi) will denote the cotangent bundle of 3fi which is identified with the tangent

bundle 7(3fi) via the Riemannian metric on 3ñ (R" inner product restricted to

tangent spaces). This induces a natural measure d\dA on 7*(3fi), where dA is

surface measure on 3Œ and d\ is Lebesgue measure on the hyperplane 7JC(3fi). The

notation £ = (f, tj) = (I1,.. .,|"-1, tj) will be used for vectors in 7x(3ß) X R, the

last coordinate tj being with respect to the unit inward normal to 3fi at x.

Superscripts i, j = I,...,n - I on a function will denote differentiation in the

tangential direction (i.e., t' = 3t/3£') and grad|(i-) will mean (tx,...,t"~x). The

superscript n will denote differentiation in the normal direction.

Finally, L will denote the second fundamental form for 3S2 with respect to the

inward unit normal and H will denote n - I times the mean curvature of 3ß. The

main result in the scalar case can now be stated.

Theorem 1.1. Let F be analytic on a disc of radius greater than \\k\\x and suppose

F(0) = 0. Then under the above assumptions

trF(Ta) = a0a" + axa"'x + a2a"-2 + o(a"~2),       a -+ oo,

where

a0 = vol(Q)-^-/f(a(¿))d|,

1      4 (2ff)"Voß)xR^        ff(i?)-a(?) S-V

a=_J_!_/• (f/ V  _F(°(t))_\
2        SV (2ir)n U)xR^ J Lr„3 (°(V) - oai))(aUfl) - a(f2û)) /

x{L(gradfa(f0,grad|a(f2))-/7.a«aja"(f2)}-4í-7%:^í¿4-

7/ere ^43 ¿s i/ie alternating group on the 3 symbols tj, f,, f2> ßM^ expressions like a(f,)

The proof proceeds as follows. The kernel of 7am at a point (x, y) cz aß X afl is

J-.- fk(x- xx)k(xx - x2)--- k(xm_2- xm_x)k(xm^x - y)

xXaa(xi) ■ • ■ X«ü(xm-i) dxx ■■■ dxm_x,
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where the integration is taken over R" X • • • X R" and where Xs denotes the

characteristic function of the set S. Change variables: let xx = x - xx, x2 = xx -

x2,...,xm_x =xm_2 -xm_v This gives

/••• fk(xx)--- k(xm_x)k(x - y - xx-xm_x)xaü(x - xx)

xXaü\X - xx - x2) •   ■ XaSi(x ~ xx- ■ • ■ -xm_x) dxx •   • dxm_x.

Under the above hypotheses this expression is continuous for m > 2 (the case m = I

is easily handled; see [3, pp. 506-507]) so to find tr 7am the trace of the kernel is

integrated over the diagonal of a$l x aiï. The result is

(1.4)

tr(7am) = / • • • /tr*(*i) • • • k(xm-i)k(-xx-xm_x)

Xvol(aß C\(aü + xx) n • • • P>(aQ + xx + ■ ■■ + xm_x)) dxx ■■■ dxm_x.

In §2 an expression is obtained for the volume in the integrand and in §3 this is

used to derive a formula for tr(7am). The latter and an identity of F. Spitzer (see [1])

are then used in §4 to prove Theorem 1.1.

If \\k\\x < I then log(l + X) satisfies the hypotheses of Theorem 1.1 and there

results an expansion for trlog(l + Ta). It is not immediate that the ax term of this

expansion is the same as the a, term appearing in (1.2). In §5 this is shown to be the

case. An argument similar to but more complicated than the one in §5 also shows

that the expression for a2 in Theorem 1.1 is equivalent, in the case F(X) = log(l + X),

to one recently derived by Widom [8],

Acknowledgement. It is the author's pleasure to thank Harold Widom for

suggesting this problem and for his subsequent advice and encouragement.

2. The volume estimate. In obtaining an expression for the volume in the integrand

of (1.4) it is convenient to divide by a" and set e = a'1.

Theorem 2.1. Let ii be a compact subset of R" (n > I) whose boundary is a C3

hypersurface. Let vx,.. .,vr cz R" and define il£ = Í2 n (S2 + evx) n • ■ • n(ß + evr).

Then

vol(ß\ß£)=/"     max   (o, ev, ■ nx + ^-L(v,,, v¡ )) dA(x)
JdQi-l,...,r { I '      '  )

-4-/"(   max   {0, vrnx))2HdA(x) + o(e2),       e -» 0,
L •/3Í2V/ = 1.r '

where nx is the unit inward normal at x cz 3S2, L and H are as in the introduction, and

w, is the component ofw tangent to 3fi at x.

Proof. Since 3fl is compact there exists an e0 and an e0-tubular neighborhood N0

of 3fi such that each x cz N0 can be written uniquely as x = x + snx, where x cz 3ß

and |s| < e0. If e is small enough then ß \ fie c N0.
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Let {CT,\pT} be an atlas of coordinate neighborhoods covering 3ß and pick a

finite subco ver. Let Dr = {x e N0: if x = x + snx, then x cz CT}. Define 4>r: DT -»

R""1 X R as follows: if x = x + snx cz DT and ^r(x) = ü cz R"-1, then <f>T: x + snx

-* ü + sv, where v is the unit vector in R""1 x R normal to R"-1. By the compact-

ness of ß there exist open sets NT c DT such that the Nr are an open cover of N0 and

the distance from Nr to the complement of DT is, for all t, greater than some ev If e is

chosen such that max |ei;,| < e, then, for all t, x cz NT implies x - ev¡ cz DT. Let

Br = NT n 3ß c CT.

Let {pT} be a partition of unity subordinate to the cover UßT of 3ß. Each pT

extends to a function pT on NT n ß\ße by defining pT(3c + i«x) = pT(x). It now

suffices to prove

(2.1)        Í p7dV= f pT(x)max{0,evrnx + ^-L(vi   v,)\ dA
'rVTna\ßt -'S,

2^
J pT(jc)(max{0, ü,. • hs}) J7í¿4 + o(e2),

where JF denotes the volume element on R".

In what follows the index t will be dropped. From the construction of <j> it follows

that for>> £í),veí2ní>if and only if <p(y) • v = s > 0. Hence for x cz N,

xeßenA = Anßn(ß + eu,) n ■•• n(ß + ei;r)

if and only if s > 0 and, for all », <i>(x -£/;,)•»'> 0. By Taylor's theorem jeiVnß,

if and only if s > 0 and, for all i,

e2
(2.2) </>(*) • v - erf^i»,) • y + jd\(vh vt) ■ v + R(e) > 0,

where R(e) = o(e2), the estimate being uniform over x since d2<¡> is continuous.

Lemma 2.2. For all w cz R" and all x = x + snx cz N

(i) d<px(w) ■ v = wnx,

(ii) d\(w, w) ■ v = -L(w„ wt) + r(s),

where limJ_0 r(s) = 0 uniformly in x and L is evaluated at x.

The proof will appear later in the section. From (2.2) and the first part of the

lemma, x e N n ß \ ß6 if and only if

s ^ 0 and, for some/',

(2"3^ s - a>, ■ nx + jd\(Vj, v,) ■ v + R(e) < 0.

By part (ii) of the lemma, x cz N f) ß \ ßE if and only if s > 0 and, for some ;,

s — evi ■ n. L(vii,vh) + Rx(e)<0,
2

where Rx(e) = e2r(s)/2 + R(e) = o(e2) (since (2.3) implies s -» 0 as e -> 0). It

follows that

(2.4) NnQ\Qe = NnQ\St,
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where S£= {x cz N: s ^ 0 and, for all i, s - ev¡ ■ nx -e2L(v¡, v¡ )/2 + R(e) > 0).

Define 70 = {x cz N: s > 0 and, for all i, s - ev¡ ■ nx -e2L(v¡i, v¡)/2 > 0}.

Lemma 2.3. vo1(Sea70) = o(e2), e -» 0.

Again the proof is deferred to later in the section. From (2.4) and Lemma 2.3 it

follows that N n ß \ ße can be replaced by N n ß \ 70 in (2.1).

By the change of variables formula,

(2.5)

[ pdV=( (po<fx)\d<fxu\dux ••• dun~lds

= f (po4Tl){\d<¡r\\+ diïdf^ÏÏisv) + o(s)} du1 ■■■du"-lds,

where by the definitions of <j> and 70

(2.6)   <#>(ß nlï\/0)=   aei|i(A'):0o< max 0, ei;, • nx +^L(oit,v,¡)\\.

Integrating the o(s) term within the indicated limits yields something which is

o(e2). Since p is constant with respect to s, integrating the first term of (2.5) with

respect to s yields

[     (p » «J,"1) max (o, evrn-x + y L(vt   Vi)\\dtfln\dul ■■■ du"~l
J<HB) i     \ z I

which equals the first term on the right side of (2.1).

Integrating the remaining term in (2.5) with respect to 5 yields

E_2

2
[     (p o*-i)(max(0, v, ■ n-x))2d(\d<b-\,\)  (v) dux ■ ■ ■ du"x + o(e2).
J<I>(B) v '"

By a classical result from surface theory [5, p. 159] this last integral equals

e2 r 2
--=- / p(max(0, d¡ ■ nx)) HdA.

Comparison with (2.1) shows the theorem is proved.

Corollary 2.4. Except for a set of(vx, ...,vr) of measure zero in R" X  - • ■ X R"

vol(ß\ß£) = ei     max   {0, v,■ nx] dA(x)
Jdai=l.r

,2     r

+ J E / L(vqrvqi) -(vq- nx)2HdA(x) + o(e2),       e - 0,
q=\    Sq

where Sq= {x cz 3ß: v„ ■ nx = max,(0, vi ■ nx)).

Proof. For fixed x cz 3ß and fixed v cz R", the set of w cz R" such that v ■ n x = w

■ nx is a hyperplane and so has measure zero in R". Thus the set of (vx, v2) e R" x R"
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such that vx • nx = v2 ■ nx has measure zero and it follows that the set of (vx,.. .,vr)

e R" x • • • x R" such that max,(0, vt • nx) occurs at more than one of the v¡ has

measure zero in R" X • • • X R".

Thus the set E = {(x, vx,...,vr) cz dû x R" x ■ ■ ■ x R": max(0, v, ■ nx) occurs at

more than one of the v¡} has measure zero in 3ß x R" x • • • X R". By Fubini's

theorem, for almost every (vx,... ,vr) cz R" x ■ • ■ x R" the set E,v t fi) = {x cz 3ß:

(x, vx,...,vr) cz E} has measure zero in 3ß. Thus for almost every (vv...,vr) the

sets Sq = {x cz 3ß: vq ■ nx > max #1(0, v¡ ■ nx)}, q = I,...,r, and S0 = {x cz 3ß:

max,(0, v¡ ■ nx) = 0} form a disjoint cover of 3ß except for a set of measure zero.

Note that on Sq, q = I,..., r, the error obtained by replacing the integrand

maxÍ0,evr nx + jL(v¡¡,v¡¡)\

in Theorem 2.1 by evq ■ nx + e2L(vq, vq¡)/2 is 0(e2) and likewise for replacing the

integrand with 0 on SQ.

For 5 > 0, define SqS = {x cz 3ß: v ■ nx > max,#9(0, t>, ■ nx) + 8) for q =

1,...,/- and Sos = {x e 3ß: max,(t;, • nx) < -8). Then SqS c Sq for q = 0,1,.. .,r

and on each SqS there is an eqS such that for e < eqS no error results from the

replacements indicated above.

Hence for e < eqS the total error on Sq,q = 0,1,...,r, is less than

Dq-meas(Sq\SqS)e2

for some constant D . Since meas (Sq\SqS) can be made arbitrarily small by

choosing 8 small enough, the error is o(e2).

The remainder of the section consists of the proofs of Lemmas 2.2 and 2.3

followed by another lemma which will be useful later.

Proof of Lemma 2.2. To prove part (i) note that since

d<px(w) • v = d<bx(wt) • v + d<bx((w ■ nx)nx) ■ v

it suffices to prove

(2.7) d<bx(nx) = v   and   d<px(w,) ■ v = 0.

For each fixed s0 the map <f>_1: (m, s0) -> x(U) + s0nx(U) describes the hyper-

surface B + s0ns. The vectors 3(x + j0«j)/3m'|d form a basis for the tangent space

to B + s0nx at 3c(«0) + s0nx(ü0). Thus úf<#>-1{BoJo) sends vectors (ü,0) to vectors

tangent to B + s0nx at x(U0) + s0nx(u0) and sends v = (0,... ,0,1) to nx. Hence it

suffices to show that for any x = x + snx, TX(B + snx) = 7s(3ß). But

nx ■ — (* + snx) = snx ■ — "x = ? ^("s •"*) - 0,
du du L   3m

so the tangent space TX(B + snx) is normal to nx and hence the same as 7s(3ß).

Now the proof of part (ii). Since d2<$> is uniformly continuous on N,

d2<px(w, w) ■ v = d24>x\W, w) ■ v + r(s)
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where lims_0 r(s) = 0 uniformly in x. Also, since

.,   ,         v          /,.    d<t>x+s  (w)-d<bx(w)\
d àr(w, n?) • v =    lim-   • v

\s^o s j

w ■ nY —w ■ nv
= hm--    (by Lemma 2.2)

î-»0 s

= 0,

(2.8) d2^yx(w, w) • v = d2^x(wl,wt) ■ v.

Hence it suffices to show

(2.9) d\(w„w,)-v = -L(w„wt).

Fix x cz B. It suffices to assume x = 0 cz R" and that \f/ projects B orthogonally

onto a neighborhood of the origin in 70(3ß) (every x cz 3ß has a neighborhood Bx

which is diffeomorphic to a neighborhood of the origin in 7^(9ß) via orthogonal

projection; pick a finite subcover and proceed as before).

For all h cz 70(3ß) with h sufficiently small, h is in the image of \¡/ and one can

define kh = x(h). By Taylor's theorem

kh = x(h) = x(0) +(dx)0(h) + \ "Z  ~~(0)AV + o{\h\2).
L j j = x óuJdu'

Since x(0) = 0 and (dx)0(h) cz 70(3ß) it follows that

(2.10) kh-n0 = \L(h,h) + o(\h\)2.

On the other hand, Taylor's theorem and (2.7) give

<t>(kh) - d<p0((kh),) -(kh ■ n0) • v = \d2^(kh, kh) + o(\kh\2).

Since kh - x(h) cz 3ß and <í>|8f2 = \¡/ the first two terms on the left side are

orthogonal to v. Thus

-k„ ■ n0 = y24>0((kh)„(kh),)-v + o(\kh\2)

= \d\(h,h)-v + o(\h\2)

(since (kh), = h, any o(\kh\2) term is o(\h\2)). Comparing this with (2.10) yields

(2.9) and hence the result.

Proof of Lemma 2.3. For any real number 8 define Is = {x cz N: s > 0 and, for

all /, í - ev( • nx - e2L(vi ,v¡ )/2 > ôe2}. It is easy to show that for each 8 > 0 there

exists an e$ such that

(2.11) e < e8   implies   Is cz Ss cz I_s.

Next,

(2.12) e < es   implies   (ScaI0) c I_s\Is.

For, x cz Sea/0 if and only if x cz 5e but x <£. I0 or x £ St but x cz I0. In the first

case, x cz Se implies x cz I_s by (2.11) and x £ 70 implies x £ 1$. In the second case,

x £ 5E implies x <£ Is by (2.11) and x cz I0 implies x cz I_s.
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From (2.12) it follows that for e < es,

vol(SEA/0) < vol(Ls\Is) = f \d<t>-\-u,s)\dul ■ ■ ■ du"~xds.
■W-»V«)

But

<¡>(I_S\IS) = lu cz <j>(N): s > Oand-ôe2 + max eu, • nx + —L(vií,v¡)\

«S s < 8e + max lev,■ ■ nx + — L ( v(¡ ,v¡^)\\.

Thus the above integral is

< 2ôe2 sup U^A f du1 ■■■ du"'1

< 28e2M,

where M = sup<f)(A,)|í/<í>~1(.)|volR*-i(<f>(#)) (by the compactness of ß one can guaran-

tee this is finite). Thus it is established that for any 8 > 0 there is an es such that for

all e < efi, vo1(5ea70)/e2 < 28M.

Lemma 2.5.Ler {vx,...,vr} be any finite set in R" and define ß v = ß n (ß + vx) n

• • • n(ß + vr). There exists a constant C, independent ofthe v¡ and of r, such that

vol(ß\ßt,) - /   max(0, v, • nx) dA < Cmax(|i;,| ).
JdQ    i i    y       '

Proof. For any positive number/? it can be assumed that max^l^-l) < p. For,

vol(ß\ßJ - f  max(0, v, • nx) dA < vol(Q) + max(|<;,|)vol(3ß)

and if maxd^!) > p then the right side is less than C, max(|i;,|)2 where

vol(ß) +/?vol(3ß)
Q - 2

p

Take max(|i;,|) small enough so that ß\ß„ c N0 and so that x - v¡ cz domain $T

whenever x c NT. Again using a partition of unity argument, it is enough to show

f PTdV - f pT(x)max(0, v¡ ■ nx) dA < CTmax(|i?,.| ).
JNrnQ\Ql, JB, i i     V        '

As before, the index t will be dropped.

x cz üv n N if and only if s > 0 and, for all /', $(x - v¡) ■ v > 0. By Taylor's

theorem x cz ßu n N if and only if s > 0 and, for all /', <p(x) ■ v - d<px(v¡) • v +

R(v¡) S> 0 where \R(v¡)\ ^ M\v¡\2, the bound being uniform over x since d2tj> is

bounded on N. By Lemma 2.2, x cz ßo n N if and only if s > 0 and, for all /',

s - v,r nx +R(v¡) > 0.
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Define JM= {x cz N: í > 0 and, for all i, s — v¿ • nx > Af(max|i;,|2)}. By an

argument identical to that of Lemma 2.3 there is an Mx such that vol((ß(, n N)aJ0)

«S M, max(|»;(|2) soJVn ß \ ß„ may be replaced by N n ß \70.

By the mean value theorem (writing u = « + s)

f PTdV=[ (p°<fx)\d<f\\dul ■■■ du"~lds

= ( (po^)l\d4r\\+d(\d4Tl{,\)n+Jsv)} dux ■•■du"-xds,
J<t,<QnN\J0) *■ v        i'i/B+»o        ;

where 0 < s' < i and <i>(ß n N\J0) = {u cz <j>(N): 0 < j < max,(0, d, • n^)}. Per-

forming the first integral on the right with respect to s (keep in mind that p is

independent of s) and subtracting yields

/ pdV— j p(x)max(0, v,■• nx) dA
JNnü\J„ JB i'NC\ü\Jt

f S^po^pld^i) (v)duX

If C, = sup {\d\d(j> l(.)\ | • |p » <p l\) the last expression is

dun~lds.

< Cx[ sdu1 ■■■ dunXds
J4,(QnN\j0)

= 4Q (     (max(0, (j, • «,)) du1 ■■■ du"~x

(H2)4Cií    d¿-du»-\=g max
J<HB)

3. tr(7am) in the matrix case. In this section k will be matrix valued. The notation

/ * g will denote the convolution of/and g:

f*g(x) = f f(x-y)g(y)dy.

Note that (1.3) together with the assumption a cz Lx implies

(A) f\x\ \k(x)\ dx < oo which in turn implies (\x\ \k(x)\2 dx < oo, so the hy-

potheses of [7] are satisfied;

(B)/|x|2|/c(x)|2i/x < oo.

The following two lemmas will be needed.

Lemma 3.1. With \k\(r) denoting the r-fold convolution of\k\ with itself,

(i)    f\x\(\k\im~l)(x)f dx^(m- I)2f\x\ \k(x)\2 dxlf\k(x)\dx

(ii) the same estimate holds with \x\ replaced by \x\2 on both sides.

2(m-2)



590 RAYMOND ROCCAFORTE

The proof is deferred to the end of the section. An easy consequence of Lemma

3.1 is

Lemma 3.2. (i)

/• • • f\x\ \k(x)\ \k(xx)\ ■ ■ ■ |*(*m_2)| \k(-x - xx--xm_2)\dxx ■ ■ ■ dxm_2dx

j\k(x)\dx\

(ii) The same estimate holds with \x\ replaced by\x\2 on both sides.

The statement of the main theorem of this section requires the following notation.

The Hubert transform (with respect to tj) of an L2(7x(3ß) X R) function

a(|1,...,r-1,T?)is

ô(tj)= [,sgn(i)o-(0]\

the inverse Fourier transform being taken with respect to the last variable. It is

convenient also to write

ô(ij) = -p.v.r   u v —'-^-ds
7T ./_«. £-11

(the expression

1/   .(f.....t-.ti^
7rJ\t;-n\>c      »~ 'i

converges to cr(n) in the L2 norm as e tends to zero). At each x cz 3ß define

(3.1) o±=\(o±io)

and then, inductively,

U\(a) = a+,       U\(a) = o_,

n«+(a) = (aU1-l(o)) + ,      II?(o) = (urHo) ■ o)_.

Theorem 3.3. Under the assumptions outlined in the introduction

tr(Tam) = a0a" + axa"~x + a2a"~2 + o(a"-2),       a -> oo,

where

a0 = -±-vol(Si)(tromtt)dl;,
(277) J

_■      m -1

«1 = 77^ E /        trn'+(o)n(Onr'(o)(¿)</¿d4
(277)     ?_i •'r*(3S2)XR

-■ m — 1

«2 = -TT^T,  L / tr{L(gradfn«(a)(|),gradfnT-'(a)(0)
2(277 )     9=1 •/T*(9£2)XR

-ni(0)"U)nr«(a)"(€)-A} </€<".
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Here L(grad|T, grad|j) simply means L^t't1 (summation convention). Also, H has

the same meaning as in Theorem 1.1.

Proof. By adding and subtracting

trk(xx) • • • k(xm_x)k(-xx-xm_,)vol(aß)

to the integrand of (1.4) and using the fact that

j■ ■ ■ jk(xx) ■ ■ ■ k(xm_x)k(-xx--xm_x) dxx ■■■ dxm_x

-*•■•■ *k(0) = -^-(o'"(i)di
(277)    J

(1.4) can be rewritten as

tr(Ta"') = (^)\ol(Ü)ftro'"U)dí

(3.2) -f---ftrk(xx)--- k(xm„x)k(-xx-xm_x)

X (vol(aß) - vol(aß n aß + xx n • • •

C\aS> + xx + ■ ■ • + xm_x)) dxx ■ ■ • dxm_x.

By Lemma 2.5

-n + 2
(vol(aß) - vol(aß n aß + xx n • • • n aß + xx + • • • + xm_x))

-a""1 /   max(0, xx ■ nx,...,(xx +  • • • + xm_x) ■ nx) dA
Jdü

m-l

< Cmaxilx, + • • • + xx\ ) < C(m - I)2 Y, \x¡\ ■
i=i

Moreover, by Lemma 3.2,

(3.3)

C(m-I)2f-..f
m-l

k(xx) ■ ■ ■ k(xm_x)k(-xx-xm_x) E |*/|
; = 1

dxx ■■■ dxm_x

^ C(m - I)4f\x\ \k(x)\  dx\\k\\"r2.

Thus by the dominated convergence theorem

lim a-n+2( •■• (k(xx)--- k(xm_x)k(-xx-xm_x)
«-♦oo J J

X   (vol(aß) - vol(aß D ati + xx n ■■■

Daíl + xx +  ■■■ + xm_x))

-a""1 f max(0, xx ■ nx,...,(xx + • • • + x„,_x) ■ nx)dA) dxx ••■ dxm_x
'ÏUÏ
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can be found by passing the limit under the integral. The result, by Corollary 2.4, is

2"/'" f{Tk^'" k(xm-i)k(-Xi-xm_x)

m-l

x  E  ¡Mx\,+ ■ ■ • + x,f, xlt + ■■■+xqi)
q = \ JSq

-((xx + ■■■ + xq)-nx) HdAdxx ■■■ dxm_x,

where Sq = {x cz 3ß: (xx + • ■ • + xq) ■ nx > max,-#<7(0,(x, + ■ • • + x¡) • nx)}.

Thus the expression in brackets in (3.2) can be replaced by

a"'1 I  max(0, xx ■ nx,...,(xx +  ■ ■ • + xm_x) ■ nx) dA

an-2 m-l

+ ~2~ E J.L(xi,+ ■■■ +xq¡,xlt+ ■■■ + Xq)

~((xx+ ■■■ + xq)-nx)2HdA

with error o(a"~2) and it follows that

(3.4)   ax = -j■■■ jtrk(xx)--- k(xm_x)k(-xx-xm_x)

X I  max(0, xx ■ nx,...,(xx +  • • ■ + xm_x) ■ nx) dAdxx ■ ■ ■ dxm_x,
hü

= "2"/'"" /tr/C(*l)"'   k(Xm-l)k(-Xx-Xm_x)'2

m-l

X    E   /_£(*!,+    •••  +Xq,,XXl+   ■■■+Xq)
q = \    Si

~((xx +  • • ■ + xq) ■ nx) HdAdxx ■ ■ • dxm_x.

Next, Sq= {x cz 3ß: for 5 = I,...,q, Yfr=sxr ■ nx> 0 and for t = l,...,m — 1 - q,

T.?l'+1xr • nx < 0}. Change variables: For s = I,...,q let zs = Tßr=5xr and for

t = I,...,m — I — q let

q+t

Zq+t ~       i-ê     Xr.
r = q+l

This gives

m-l

«i = - E   í dAÍ ■■■ fzx ■ nxtrk(zx - z2) ■ ■ ■ k(z    x - z )

Xk(zq)k(zq+x)k(zq+2 - zq+x) ■ ■ ■ k(zm_x - zm_2)k(-zx - zm_x)

xX+(zi •»«)■" X+(z, • »Jx-(Vi •"*)■•■ X-Um-i ■ nx)dzx ■ ■ ■ dzm_x,
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where

1,     z • »> 0,

X+(Z""J=10,    z-nx<0,

and X-(z " nx) is defined in the obvious way. For a2 the same expression is obtained

except that z, • nx is replaced by 2-{Lijz'xzx¡ - H(zx ■ nx)2}, where the L,¡ are the

coefficients of the second fundamental form L and z{ is the /th component of the

projection of z, onto TxdQ. The interchange in the order of integration in the a2 term

is justified by Fubini's theorem since the application of the dominated convergence

theorem implied the integrand of the expression for a2 in (3.4) is Lx. In the case of

ax, the justification follows easily from Lemma 3.2.

Define

(3.5) k±(z) = k(z)X±(z-nx).

Note that if a ± is defined by (3.1) then

(3-6) k + (z) = -±—fe't-o + ti)dt.
(277)    J

Next, define inductively

(3.7) Kx+(z) = k+(z),       Kx_(z) = k_(z),

Kl(z) = (k*K"+-x)+(z),       K"_(z) = (Krl*k)_(z).

Then

m-l

(3.8) fl! = -E   (   fz ■ nxtrKï(z)Km-«(-z)dzdA,
q=l JZQJ

1  m = l

fl2 = "2  E / ¡{L^zi - H(z ■ nx)2)trKl(z)K?-«(-z) dzdA.
<r-:\    JdQ

Now z'tK%(z) and z/KT^-z) are in L2(R") by Lemma 3.1. Moreover, using (3.6)

(z^(^))A=^(^)A=¿ní(a).
3£y o£y

Similar formulas hold for the z ■ nx terms. Altogether,

m-l

«i--* I / /tr(nUa)n)V(z)(n--na))V(-z)Jz^,

-i   m —1

12-JI/ JrxLIJ(n%(o),Y(z){nr"(a)jy(-z)
q=l    3"

-(n«(a)")V(z)(nm-"(a)',)V(-z)./7í/zí¿4.

The result is now immediate from the general formula

fkx(z)k2(-z) dz = -JL-jtMfcit) dt
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Proof of Lemma 3.1. The proof of (i) is given, the proof of (ii) being essentially

the same.

f\x\(\kri\x))2dx

= /{/' ■■ f\x~ xx+ xx- x2 + x2-xm_2\1/

\k(x - xx)\ \k(x - x2)\ ■ ■ ■ \k(xm_2)\dxx ■ ■ • ¿xm_2j  dx

fit ill .1/2        . .1/2 . ,l/2\
** J   [J  m"j[\X~X" +lXl~X2l +---+\xm-2\       j

\k(x - xx)\ \k(xx - x2)\ ■ ■ ■ \k(xm_2)\dxx ■ ■ ■ dxm_2\  dx.

The terms in the integrand are all scalar valued and so commute. Thus the

expression in brackets is the sum of m - 1 terms, each of which is the convolution of

|x|1/2|/c(x)| and m - 2 copies |/c(x)|. That is, the above expression equals

jUm -!)/••• f\x - xx\l/2\k(x - xx)\ \k(xx - x2)\ ■ ■ ■

l^(^m-2)|^l   ■■■  dxm_2\    dx

= (m — I)  j ■ ■ ■  11 I \x — xx\     \k(x — xx)\ \x — zx\     \k(x — zx)\dx >

x\k(xl-x2)\---\k(xm_2)\\k(z1-z2)\

■■■\k(zm-2)\dxx ■■■ dxm_2dzx •■• dzm_2.

Since

f\x — xx\     \k(x — xx)\ \x — Zj|     \k(x — zx)\dx

i 2     \1/2t f 2      \l/2

< < I \x — xx\\k(x — xx)\ dx)     I j \x — zx\ \k(x — z, )|  dx)

the last expression is less than or equal to

(m- I)2f\x\\k(x)\2 dxlf\k(x)\dx\
, 2(m-2)

4. Proof of the main result. Throughout this section k will be scalar valued. The

following version of the identity of Spitzer will be used. Using the notation

/£:<"> = £* ... »^ where, as before, * denotes convolution on R", define

n= 1
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and

00     t(n)

-L(i-f)= E V  forS*!ii<i-
n = l

Then with A""(z) defined as in (3.7), the identity is

00

ZK»+(z) = E(-[L(I-k)] + )-I,
n = l

the plus on the right side being taken in the sense of (3.5).

Lemma 4.1. If\X\ > \\k\\x and L is defined as above then L(I - k/X) cz LX(R") n

L2(R").

Proof. If || || denotes either the L, or L2 norm then

An)

n = l n\X\

<E
n = l

kin)

„\\(
« e -~w;

B-i n\X\

B-l,

¿WE ' n-l

\M        n-l   \X\

Lemma4.2. (i)||o^||2 < \\zk(z)\\2for any ß = I,...,n.

(ii)H(log(l - o/\))'||2 < (inf |A - o\yx\\o%.

Proof, (i) For instance, ||a'j|2 = ||z,A:(z)||2 < ||z/c(z)||2.

(n)(log(l-a/X))" = -aV(X-a).

Since spec radius (7a) «g ||7J| < \\k\\x, F is analytic on spec(7a) for all a. Let

y(t) cz C be a circle of radius greater than ||fc||i centered at the origin and contained

in the domain of analyticity of F. Then

(a - Tayl = E
ZnXm = 0

m ■ 1

Hence

(4.1) trF(rJ = tr±-JF(X)(X - 7J"1dX

= tr-±-   F(X){{ + -^ +  E  JjTT}d\.
2m Jy      ;\X     x2     mt2Xm+1j

Since 7"(0) = 0, the first integral is zero. Also,

<4-2>   "hlf^dX<^)%omhUF^°-fdidX
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since

*(*;) = (¿)flvol(ß)/a(i)</*.

Consider now the sum in (4.1). From §3

fon a-"+2 tr(7am) -(¿)"vol(ß)/a"'(|) ^

m-l i

+ «""1 E f jz ■ nxK$(z)KT-i(-z) dzdAj
q = l )

-,   m — l

= "j  E fJ{L,jZ}zj-(z ■ nx)2H)K\(z)Km-"(-z) dzdA.

First using (3.2) and comparing the expression for a, in (3.4) and (3.8) and then

using (3.3) gives, for all a > 1,

\ i> m-1

a-" + 2tr(7"am)-(¿) vo\(Q) famU) di + a"'1 £ f j'z ■ nxK%(z)K?-<(-z) dz dA
q=\

= a""*2 /■ • ■ fk(xx) ■ ■ ■ k(xm_x)k(-xx-xm_x)

X j-(vol(afi) - vol(aí2 O «Í2 + xx n ■ ■ ■ C\ ati + xx + ■ ■ ■ + xm_x))

+ a"~x  í max(0, xx ■ nx.(xx + ■ ■ ■ + xm_x) ■ nx) dA) dxx ■ ■ ■ dx
hü i

^cf\X\2\k(x)\2dx(m-l)A\\k\\:~2.

Since

00 -,

/>(*)! E  -^(m-I)4\\kf'-dX<œ
y m = 2 \X\

if ||A:||i/|A| < 1 it follows from the above limit and the dominated convergence

theorem that

lim a""+2 ^//WÊ^{.rC-(£)"vo,(S)/>«)<«
Y m = 2 'v v

(4.3)

m-l \

+ «"~1 E /jz-nxKl(z)Km~i(-z)dzdA\dX

= -i¿//wf¿//M-(-^
m = 2

m-l

X  £ Kl(z)Km~i(-z)dzdAdX.
q = l
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From (4.1), (4.2) and (4.3)

597

^(Ta) = (^)\om^-ffF(X)t^d^dX
m = \

X m-l-i Ou -i m — 1

(4.4)

m=2A q=l

XK?-q(-z)dzdAdX

„n-2 1

2       277/
¡l¡F(X){L,jz'lz{-(z-nx)2H)

I
m     1

X  T- y Kl(z)Km-q(-z)dzdAdX
'—'    \m + l    '—'       -i-\   /     -       v      /

m=2 A q=l

+ o(a"'2),       a -> oo,

where Lemma 3.2 is used to justify interchanging the infinite sums and integrals.

The first term on the right side is

(4.5) (¿)"vol(0)/F(a({))</*.

The change in the order of integration is justified as follows:

hi Xm+X     A ±n Xm     X     X V     XI        X~ X(X - a)
m = 0

and the L, norm of this is bounded by

lAfVlA-air'NIi.

To handle the other terms note that

1
m-l

2 A'

(4.6)

E ^r E Kl(z)Kr"(-z)
q=\

1   "   K'+(z)   "   Kj(-z)
Xr     ^      Xs

;■ = 1 i=l

1
7 1 (z)-l \  E LI (-z) - 1

by Spitzer's identity. By Lemma 4.1 the expression (-7(1 - k/Xy)A± makes sense

and

(4.7)    (E(-[L(I - k/X)]±)- 1)A= exp(-log(l - k/X))±- I = t±- 1,

where the notation t * has been introduced for exp(log(l - a/A)-1) ±.

Using (4.4), (4.6), and (4.7) and then integrating by parts twice with respect to tj
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yields

F(\)
"'*    2Vif ff   \   z--A^-»"U)(i--V{-i)dzdAd\

'-a\¿ffffET1'^rmT'-md(dAI"1

(4-8)    '-a\¿y^^',t{()i,'m)d(aA''x

For any ß = 1,...,«

(4.10) (T±)* = T±(log(l-a/AVY±.

By Lemma 4.2 the expression (-log(l - o/X))ß± makes sense and one has almost

everywhere (using the definition of  )

(4.11) (log(l-a/A)-^=(aV(A-a))±.

Also,

(4.12) t+t-=X(X-o)~\

Thus, (4.8) can be rewritten as

*=-^yèiSSS^^ - °A^ldèdAdX

and (4.9) can be written as

1       1
«i = ffJF(X)i(X-or(-^)+d¿dAdX.

(277)"  2

Since in general a_- a+= -iö these two expressions can be added to give

- aw (uyl) I' «(h)-.«)        f-i     ' {

The interchange in the order of integration is justified as follows.

/(x^H-/wi-x)r«-/wi-x)r«=»-
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Thus

1     a

J XX-a[,
dî

X X — a\X — a,

and using Lemma 4.2 and the fact that the Hilbert transform is norm preserving

F(X)     a    I   o"

/// X     X — a\X — o
dÇdAdX

Si \rW
3ß     |A| X-a X-o

dAdX

C |\rX(infjX - a|)"2||a||2||z/c(z)|2vol(3ß)||F(\)|dX

<  00.

Thus dX may be interchanged with di dA. To interchange dX with dç note that for

fixed Tj the change of variable ? = £ — ij gives

/     Aii=h(   ^tf±iLI
lJ\t-v\>eX- OÍS)  £ -V e-O-'lflx

lim
A-a(£ + Tj) f

«

= lim (
00; g"(r? + n _ a"(îi-f) \i,,

A-a(Tj + n   A-a(T,-n/rs'

The integrand in the last expression is continuous for £ ^ 0 and

1/   q"(T) + Q a"(7)-0
f™ ru-o(7, + n  A-a(T,-n

= 0

since a is twice differentiate. Hence the integration with respect to f is actually

proper at £ = 0 and the integrand is Lx if the domain of integration is restricted to

0 < Ç ̂  1. On the other hand, for 1 < £ < oo

ff•Vi
F(X)(X-o(r,)) i   g"(i? + Q    1

i/fdA

<   °"  2

A-a(T, + n $

(inf|A - a\)~2f\F(X)\dX < oo

Now for a2. From (4.4), (4.6) and (4.7)

1   1    rrrF(X)
--ï5î///if[VW-(- ».H

X (t+-l)v (z)(t--l)v (-z) ¿z ¿4 ¿A

-4p^è///ÎTi(MO,«)(-)J(f)

-H(T*)"({)(f-)"(£))«<í<<iX.
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From (4.10), (4.11) and (4.12) this equals

°>---\^àfff^{^)AM^

Writing out the Hubert transforms explicitly and then performing a straightfor-

ward residue calculation yields

(4.15)   a2 = -^-^yjJF''(oU)){LiJoiU)ojU) ~ H(o"(i))2} didA

_ J_1      if iff F(o(v))
8T72   (277)" JJ JJ \ (o(tj) - 0(ÇX))(0(7,) ~(Ç2))

F(°(ti))
+

(c(Çx)-0(^(0^)-a(ç2))

F(o(Ç2))
+

(o(Q - o(r,))(o(í2) - c(çx))

il        '/  Í2        '/

It will be shown that the first term in the above expression is zero. The theorem then

follows from (4.4), (4.5), (4.14) and (4.15). It is enough to show the term is zero in

the case F is a power, F(X) = Xm, since in the general case F" is analytic on the

range of a. For F(X) = Xm the expression in question is

~^~(àyUmim ~ l^0^m~2{L'j°'°J - "(°")2} km

1 / f{Luz>,zj -(z ■ nx)2H}k^m-1)(z)k(-z)dzdA.
16 '3ßJ

It is easy to justify interchanging the order of integration and the result then

follows from an identity discovered by Widom and J. Dadok:

(4.16) f L(zt,z,)-(z-nx)2HdA = 0.
Jssi

The following proof is the result of communications with R. Osserman, L. Simon,

and B. Lawson. It is known that if A' is a vector field along M, a closed smooth

hypersurface in R", then

(7-1

(4.17) [   £ < VT X, t,> dA(x) = [ (X, nx)HdA(x),
JMi = x ' JM
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where the t, are an orthonormal basis for the tangent space to M at x, vv denotes

covariant differentiation in the direction of v, and the brackets denote the ordinary

R" inner product. To prove this note

£<VT/*, t,> = L<VTi<A-, nx)nx, rt) + £<VT Xt, r,).
/' / i

The integral over M of the second term is zero by the divergence theorem (see [4, pp.

188 and 193]) and the first term equals

(X,nx)li(VTnx,T,) = (X,nx)H.

To prove (4.16) take X = (z, nx)z in (4.17). The right side immediately gives

(with M = 3ß)

/ (z,nx)2HdA.
Jasi

The left side gives

(  E0>VTi/O<z,T,)ciL

Since VT nx = W„ (t;), where li^, is the Weingarten map and the latter is self adjoint,

the integrand of this expression equals

£<^(zr),T,.><z,T,) = (Wnx(z,),z,) = L(z!,zl).
i

5. The logarithm. Let F(X) = log(l + A) and let y be the circle of radius r about

the origin with \\k\\x < r < 1. The following method of deriving the expression for ax

in (1.2) from the expression in the main result was shown to the author by Widom.

Justification of the various steps is accomplished as in §4.

From (4.14) and the first line of (4.13)

1     1
,^T-n^-ii   i^g(I + X)-—^-rlY^)d£dAdX

2 (2tt)   2t7* JyJdaJ    OK 'X(X-o)\X-oJ
a, =

I    I
2 27Ti/t/log(l + A)|z ' W>^ZK(-Z) dzdAdX,

where sx(z) = (log(l - a/A))v(z) and the prime denotes differentiation with re-

spect to A. Since \z ■ nx\is invariant under changing z to -z it follows that

1    f f   r.    ,,   . , m        i d

V3Í2J

' JyJdüJ

Let y be a circle centered at -1 with radius less than 1 - r. Then

ax = \é¡ÍJJxhlz-nMz)sÁ-z)dzdAdX

and performing the integration with respect to A gives the result.

01 = 4 2^// /l0g^ + Xï\z ' "x\jx(s^zïs^-z^ dzdAdX

\é¡UJxTT]z-n^{z)s>{-z)dzdAdX-
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